An analysis of electromagnetic corrections to the (dominant) octet K → ππ hamiltonian using chiral perturbation theory is carried out. Relative shifts in amplitudes at the several per cent level are found.
Introduction
In this paper, we present a formal analysis of electromagnetic (EM) radiative corrections to K → ππ transitions. 1 Only EM corrections to the dominant octet nonleptonic hamiltonian are considered. Such corrections modify not only the original ∆I = 1/2 amplitude but also induce ∆I = 3/2, 5/2 contributions as well. By the standards of particle physics, this subject is very old [2] . Yet, there exists in the literature no satisfactory theoretical treatment. This is due largely to complications of the strong interactions at low energy. Fortunately, the modern machinary of the Standard Model, especially the method of chiral lagrangians, provides the means to perform an analysis which is both correct and structurally complete. That doing so requires no fewer than eight distinct chiral langrangians is an indication of the complexity of the undertaking.
There is, however, a problem with the usual chiral lagrangian methodology. The cost of implementing its calculational scheme is the introduction of many unknown constants, the finite counterterms associated with the regularization of divergent contributions. As regards EM corrections to nonleptonic kaon decay, it is impractical to presume that these many unknowns will be inferred phenomenologically in the reasonably near future, or perhaps ever. As a consequence, in order to obtain an acceptable phenomenological description, it will be necessary to proceed beyond the confines of strict chiral perturbation theory. In a previous publication [3] , we succeeded in accomplishing this task in a limited context, K + → π + π 0 decay in the chiral limit. We shall extend this work to a full phenomenological treatment of the K → ππ decays in the next paper [4] of this series.
The proper formal analysis, which is the subject of this paper, begins in Sect. 2 where we briefly describe the construction of K → ππ decay amplitudes in the presence of electromagnetic corrections. In Section 3, we begin to implement the chiral program by specifying the collection of strong and electroweak chiral lagrangians which bear on our analysis. The calculation of K → ππ decay amplitudes is covered in Section 4 and our concluding remarks appear in Section 5. 
Electromagnetism and the K → ππ Amplitudes
There are three physical K → ππ decay amplitudes, 2
We consider first these amplitudes in the limit of exact isospin symmetry and then identify which modifications must occur in the presence of electromagnetism.
In the I = 0, 2 two-pion isospin basis, it follows from the unitarity constraint that
The phases δ 0 and δ 2 are just the I = 0, 2 pion-pion scattering phase shifts (Watson's theorem), and in a CP-invariant world the moduli A 0 and A 2 are real-valued. The large ratio A 0 /A 2 ≃ 22 is associated with the ∆I = 1/2 rule. When electromagnetism is turned on, several new features appear:
1. Charged external legs experience mass shifts (cf Fig. 1(a) ). Fig. 1(b) ) occurs off charged external legs. This effect is crucial to the cancelation of infrared singularities.
Photon emission (cf
3. Final state coulomb rescattering (cf Fig. 1(c) ) occurs in Figure 2 : Leading electromagnetic correction to K → ππ.
4. There are structure-dependent hadronic effects, hidden in Fig. 1 within the large dark vertices. In this paper, we consider the leading contributions (see Fig. 2 ) which arise from corrections to the ∆I = 1/2 hamiltonian.
5. There will be modifications of the isospin symmetric unitarity relations and thus extensions of Watson's theorem.
Any successful explanation of EM corrections to K → ππ decays must account for all these items. An analysis [5] of the unitarity constraint which allows for the presence of electromagnetism yields
to be compared with the isospin invariant expressions in Eq. (2). This parameterization holds for the IR-finite amplitudes, whose proper definition is discussed later in Sect. 4.3. Observe that the shifts δA +em 2 and γ ′ 2 in A +0 are distinct from the corresponding shifts in A +− and A 00 . This is a consequence of a ∆I = 5/2 component induced by electromagnetism. In particular, the ∆I = 5/2 signal can be recovered via
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Chiral Lagrangians
The preceding section has dealt with aspects of the K → ππ decays which are free of hadronic complexities. In this section and the next, we use chiral methods to address these structure-dependent contributions. The implementation of chiral symmetry via the use of chiral lagrangians provides a logically consistent framework for carrying out a perturbative analysis. In chiral perturbation theory, the perturbative quantities of smallness are the momentum scale p 2 and the mass scale χ = 2B 0 m, where m is the quark mass matrix. In addition, we work to first order in the electromagnetic fine structure constant α,
Our goal is to determine the O(α) components αA (1) i . The fine structure constant thus represents a second perturbative parameter, and we consider contributions of chiral orders O(e 2 p 0 ) and O(e 2 p 2 ),
We shall restrict our attention to just the leading electromagnetic corrections to the K → ππ amplitudes. Since the weak ∆I = 1/2 amplitude is very much larger than the ∆I = 3/2 amplitude, our approach is to consider only electromagnetic corrections to ∆I = 1/2 amplitudes. As a class these arise via processes contained in Fig. 2 , where g 8 is the octet weak coupling defined below in Eq. (13) .
We adopt standard usage in our chiral analysis, taking the matrix U of light pseudoscalar fields and its covariant derivative D µ U as
where Q = diag (2/3, −1/3, −1/3) is the quark charge matrix and A µ is the photon field. The remainder of this section summarizes the eight distinct effective lagrangians (strong, electromagnetic, weak and electroweak) needed in the analysis.
Strong and Electromagnetic Lagrangians
In the ∆S = 0 sector, we shall employ the strong/electromagnetic lagrangian
where F is the pseudoscalar meson decay constant in lowest order. L
str will be used to produce O(e 0 p 2 ) and O(e 1 p 1 ) vertices in our calculation.
The lagrangian L
str will generate (via tadpole diagrams) strong selfenergy effects on the external legs in the K → ππ transitions. In order to regularize these divergent contributions, one employs the lagrangian [6] L (4) str . It is not necessary to write out this well-known set of operators, but simply to point out that the resulting wave function renormalization factors Z π and Z K obey 1
up to logarithms. This explains the presence of F 2 π F K in formulae such as Eqs. (22), (26) in Section 4.
Two other nonweak effective lagrangians enter the calculation. The first is associated with electromagnetic effects at chiral order O(e 2 p 0 ),
where the coupling g ems is fixed (in lowest chiral order) from the pion electromagnetic mass splitting,
The second extends the description to chiral order O(e 2 p 2 ). We need only the following subset of the lagrangian given in Ref. [7] ,
Although the finite parts of the coefficients κ 1 , . . . , κ 6 remain unconstrained, see however Refs. [8, 9, 10] for model determinations. 
Weak Lagrangians
The |∆S| = 1 octet lagrangian begins at chiral order p 2 ,
with g 8 ≃ 6.7 · 10 −8 F 2 π fit [16] from K → ππ decay rates. We use this to generate O(e 0 p 2 ), O(e 1 p 1 ) and O(e 2 p 0 ) vertices.
Two chiral lagrangians will serve to provide counterterms for removing divergent contributions. The first [11] is the octet |∆S| = 1 lagrangian at chiral order p 4 ,
At present, little is known of the finite parts of the couplings {N k }.
Electroweak Lagrangians
The |∆S| = 1 lagrangian at chiral order O(e 2 p 0 ) is
where g emw is an a priori unknown coupling constant. It has been calculated recently in Ref. [3] ,
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We note in passing that despite the presence of just one charge matrix Q the lagrangian of Eq. (15) indeed describes O(e 2 ) effects. A second factor of Q could be decomposed into a combination of the unit matrix and the 3 × 3 matrixQ = diag (1, 0, 0). The contribution fromQ would vanish, leaving the form of Eq. (15) .
The second operator that we use to provide counterterm contributions is the |∆S| = 1 lagrangian at chiral order O(e 2 p 2 ). In terms of the notation
The first six operators in the above list appear in Ref. [12] . The remaining three are also required for our analysis. To our knowledge, none of the divergent or finite parts of the {s n } are yet known.
Calculation of Leading EM Corrections
The leading EM corrections arise from the processes of Fig. 1 and Fig. 2 . Contributions to Fig. 2 occur in two distinct classes, those explicitly containing virtual photons (Fig. 3) and those with no explicit virtual photons (Fig. 4) . The latter are induced by EM mass corrections and by insertions of g emw . In Figs. 3,4 , the larger bold-face vertices are where the weak interaction occurs.
The integrals which occur in our chiral analysis are standard and already appear in the literature (e.g. see Ref. [13] or Ref. [14] ). It suffices here to point out that all divergent parts of the one-loop integrals are ultimately 
is the integration measure, µ is the scale associated with dimensional regularization and λ is the singular quantity
Each amplitude in the discussion to follow will be expressed as a sum of a finite contribution and a singular term containing λ.
Summary of O(e 2 ) Amplitudes
We begin with the O(e 2 p 0 ) amplitudes,
(20) Although these have already been determined in Ref. [3] , we include them here for the sake of completeness. They are finite-valued and require no regularization procedure.
Next come the amplitudes of order e 2 p 2 , expressed as
The superscript 'expl' refers to Figs. 1(a),(c) and Fig. 3 where virtual photons are explicitly present, whereas superscript 'impl' refers to Fig. 4 where EM effects are implicitly present via EM mass splittings and g emw insertions.
The final term A (ct) is the counterterm amplitude.
Diagrams with Explicit Photons
We turn first to the class A (expl) of explicit photonic diagrams. For these contributions, it is consistent to take meson masses in the isospin limit. We find
The quantity B +− , which appears in the above expression for A (expl) +− , is associated with the processes of Figs. 1(a),(c) . Due to such processes, the weak decay amplitudes A i will develop infrared (IR) singularities in the presence of electromagnetism. To tame such behavior, an IR regulator is introduced and appears as a parameter in the amplitudes. For our work, this takes the form of a photon squared-mass m 2 γ . B +− is given by
where
and
Notice that the function B +− is complex, and both its real and imaginary parts have a logarithmic singularity as m γ → 0. The solution to this problem is well known; in order to get an infrared-finite decay rate, one has to consider the process with emission of soft real photons, whose singularity will cancel the one coming from soft virtual photons. We shall be more explicit on this point in Sect. each contain an additive divergent term (proportional to λ) and also depend on the arbitrary scale µ introduced in dimensional regularization of loop integrals. Both these features will require the introduction of counterterms.
Diagrams without Explcit Photons
Next comes the class A (impl) of diagrams in Fig. 4 not containing explicit photons. For such contributions, one must be sure to include all possible effects of chiral order O(e 2 p 0 ) and O(e 2 p 2 ) and treat the various terms in a consistent manner. Thus for the contributions to Fig. 4 , isospin-invariant meson masses are used in amplitudes involving
8 , whereas electromagnetic mass splittings appear in amplitudes involving L (2) str ×L (2) 8 . We write the results as sums of complex-valued finite amplitudes F i (µ) and divergent parts, essentially the amplitudes D i ,
The scale-dependence in F i (µ) comes entirely from its real part Re F i (µ). We express the Re F i in terms of dimensionless amplitudes a
with η +− = η 00 = √ 2, η +0 = 1. Since the a (impl) i (µ) coefficients have rather cumbersome analytic forms, we find it most convenient to express them in the compact form
The coefficients appearing in Eq. (28) are given in Table 1 . The finite functions also have imaginary parts Im F i which arise entirely from the processes in Fig. 4(c) . From direct calculation we find
where β is defined in Eq. (24). As a check on our calculation, we have verified that the above results are identical to those obtained from unitarity. The singular parts of A
are embodied by the D-functions,
(b) (c) Figure 5 : Counterterm contributions.
To arrive at the above, we have used both the correspondence between δM 2 π and g ems given in Eq. (11) and also the relation
in the evaluation of loop integrals. The latter follows from Dashen's theorem [15] and is justified since terms violating Dashen's theorem would begin to contribute at the higher chiral order e 2 p 4 .
The Regularization Procedure
In order to cancel the singular λ-dependence in the K → ππ amplitudes, it is necessary to calculate all possible counterterm amplitudes which can contribute. These enter in a variety of ways, as shown in Fig. 5 where the small bold-face square denotes the counterterm vertex. For Figs. 5(a),(b) the counterterm vertex has |∆S| = 1 whereas in Fig. 5 (c) it has ∆S = 0.
Counterterm Amplitudes
Using the lagrangians L
8 , L
emw and L
ems we determine the counterterm amplitudes to be
The coefficients n i , u i of the divergent parts of N i , U i have already been specified in the literature [11, 7] and hence the µ-dependences of N (r)
are known from the renormalization group equations. We infer the x i coefficients in this paper by canceling divergences in the O(e 2 p 2 ) amplitudes. Upon combining results obtained thus far, we find the new results
where we recall g ≡ g emw /g 8 .
Removal of Infrared Singularities
Removal of the infrared divergence from the expression for the decay rate is achieved by taking into account the process K 0 → π + π − (nγ). For soft photons, whose energy is below the detector resolution ω, this process cannot be experimentally distinguished from K 0 → π + π − , so the observable quantity involves the inclusive sum over the π + π − and π + π − (nγ) final states.
At the order we are working, it is sufficient to consider just the emission of a single photon. The amplitude for the radiative decay is given in lowest order by
where ǫ and q are the polarization and momentum of the emitted photon. The infrared-finite observable decay rate is
and dΦ k is the differential phase space factor for each process. The infrared divergent (IRD) part of Γ +− is seen to be Equation (42) displays explicitly the singularity and shows that the imaginary part of B +− (m γ ) has no observable effect at this order. This result has been shown to be true to all orders in α [17, 18] . For Γ + − γ (ω) we get the following expression, up to terms of order ω/M K ,
where From these explicit expressions of B +− (ω) and I +− (m γ , ω) it is easy to see that the combination 2α ReB +− (m γ ) + I +− (m γ , ω) does not depend on the infrared regulator m γ . However, this combination has a dependence on the experimental resolution ω. To obtain a meaningful prediction therefore requires knowledge of the experimental treatment of soft photons. A careful discussion of this point will appear in Ref. [5] . A generalization of the above considerations beyond the order O(e 2 p 2 ) in ChPT leads to the following parameterization,
where to first order in α, G +− (ω) = 1 + 2α ReB +− (m γ ) + I +− (m γ , ω) .
With the prescription of dropping the term proportional to B +− in the photonic loop contribution, the electromagnetic amplitude αA 
The Finite Amplitudes
The physical amplitudes will be complex-valued functions, as dictated by unitarity. The real parts are obtained by combining the finite loop amplitudes (Eq. (22) 
